means of a Sraffian type of inter-industrial reproduction model based upon Sraffa (1960) , which is supposed to be most suitable to the analysis of the problem.
1 By so doing, I demonstrate how environmentally friendly production and waste disposal are successfully implemented in an economy and, in this sense, how a sustainable economy is realized. It will be shown that such implementation can be interpreted as an application of extended producer responsibility (EPR), which is proposed by OECD. Although problems of waste disposal or recycling have not been taken up by Sraffian economists until quite recently, rudimentary works can be found in the rather early stages of the research. Steedman (1975 Steedman ( , 1977 shows that negative value plays a crucial role in the analysis of positive profits with negative surplus value. Certainly, he does not explicitly deal with waste problems in his works, but his anatomy of negative value potentially has the seed of the study of waste problems: The idea of negative value can naturally be developed to that of negative prices, and those prices can be interpreted as a scarcity index of bads or dis-commodities.
Franke 's work (1986) shows that negative prices cannot be avoided in a joint production model, when a free-disposal assumption is abandoned so that bads or dis-commodities are taken into account. It may be said that his work is a starting point of the analysis of waste problems by means of a Sraffa model, although it is so general that concrete issues on waste treatment are not discussed explicitly. Fujimoto and Opocher (2010) , Lager (2001) and Hosoda (2010b) are more explicit in dealing with bads or dis-commodities in a Sarrafian type of model. Taking residuals discharged from economic activities into account and discarding a free-disposal assumption, they demonstrate how a capitalist economy can reproduce itself in the long run. Clearly, a costly disposal process, whether it is a waste-disposal process or a recycling process, is crucial for the reproducibility of an economy.
Although those works have contributed to the development of the Sraffian analysis toward exploration of relationships between an economy and environment, they more or less remain at an abstract level, having a distance from applicability to real environmental policies. Circumstances have, however, changed gradually. Hosoda (2010a) utilizes a Sraffian type of model to demonstrate the necessity of EPR, which is an effective waste management policy and has been adopted in many countries. He also applies the model to a realistic situation in which a secondary material obtained by recycling is degraded, demonstrating that the conventional Sraffian model can be naturally extended to the one which describes the transaction of commodities and bads or dis-commodities in a modern recycling society (Hosoda 2012 (Hosoda , 2014 . 2 The present work is situated in a natural extension of the research line of the above studies and shares the basic structure and characteristics with them. I would like, however, to emphasize that there is a big difference between the present work and the previous ones: The important feature that production processes and waste-disposal processes are interconnected through the effects which are given outside market transactions is fully taken into account and analyzed. Environmentally friendly production, represented by, say, DfE may possibly ease difficulties often accompanied by waste disposal, reducing the disposal costs. On the other hand, environmentally friendly disposal of waste may possibly help production processes become more environmentally friendly by releasing the information on proper treatment of waste, which can improve production processes in a more environmentally friendly way. These are the things which are happening in an actual economy and the points which I would like to emphasize and analyze in this paper.
The structure of this paper is as follows: The next section displays the fundamental settings of the paper. A rough sketch of an economy is given as well as the basic assumptions and structure of the model, to facilitate the understanding of the general thrust of the paper. In the third section, some fundamental mathematical deductions and main propositions are demonstrated. In the final section, concluding remarks are made.
The basic model and assumptions

A rough sketch of the model
This subsection develops the basic framework of this paper, giving a rough sketch on a whole economy and transactions, based upon which I would like to give a more detailed description by means of an abstract model. The precise formulation of the model is given in the next subsection.
Let us consider an economy where there are three normal production processes and two waste-disposal processes. The first of the normal production processes is one which produces a commodity only for input use (the first commodity), inputting itself and labor. The other two normal production processes (namely the second and the third production processes) are ones which produce a commodity only for consumption use (the second commodity), inputting the first commodity and labor. I assume that the second and the third production processes produce commodities which are regarded as identical at the consumption stage.
There is, however, a difference between those production processes which produce the second commodity. The second production process is environmentally friendly, so that the waste generated through consumption of the commodity produced by the process is easily treated by a waste-disposal process at the post-consumption stage. On the other hand, the third production process is environmentally unfriendly, so that the waste generated through consumption of the commodity produced by this process is treated with difficulty at the post-consumption stage and more inputs are required than the second one for disposal activity. It is assumed that the difference of the two types of waste is not identified by households, and thus, they are discharged in a mixed form, without separation.
A disposal activity consists of two processes: One is an environmentally friendly disposal process (the fourth process), which disposes of waste without any environmental burden (external diseconomy) insofar as it treats the waste of the second commodity which is produced by the environmentally friendly production process (the second process). If it treats the waste of the second commodity which is produced by the environmentally unfriendly production process (the third process), the disposal activity is supposed to create environmental burdens, even if it is an unintentional event.
3 For instance, such a thing happens when an environmentally unfriendly production process uses toxic or hazardous substances but does not release proper information on the product contents. The other disposal process is an environmentally unfriendly process, which is activated by firms who dispose of waste in an intentionally improper manner. Since this process is intentionally utilized for improper disposal or illegal dumping, it does not matter from which process the waste originates, the second process or the third process. Intentionally improper waste disposal does not care about the information of product contents, just disposing of waste in an improper manner.
As a waste treatment activity, I consider only a waste-disposal process: I do not take up a recycling process explicitly in this paper. Hence, waste generated through consumption is always treated as bads or dis-commodities. This is because I would like to make the model as simple as possible. If one is ready to make a model more complicated, one would not find any difficulty for introducing a recycling process to the present model. In such an economy, waste may possibly be treated as goods.
Apparently, this is a limitation of this paper. A goods/bads relationship should become more important particularly when a dynamic process is taken into account. As Kurz (2008) points out, bads or dis-commodities may be turned to goods by innovation, especially by introduction of a new recycling technology, and it is actually happening in a real economy. However, such a dynamic aspect is out of the scope of the present paper, so that I would like to eschew the problem.
Considering the above, I would like to emphasize that producers of a consumption commodity and disposal firms may work in an interactive manner out of a market boundary on certain conditions as follows. Environmentally friendly producers adopt a production process which gives no or little burden to the environment when that commodity is properly treated by disposal processes at the post-consumption stage. They also release information on the production process, product contents, product composition and so on in a manual, labeling, an Internet service and other measures. These help waste-disposal firms treat the waste in a more efficient and more environmentally friendly way, when they want to do so. Completely the opposite can be applicable to environmentally unfriendly producers, who do not mind adopting a production process which gives an adverse effect to the environment at the post-consumption stage. They do not release any information on the production process, product contents, product composition and so on. Therefore, the waste created by consumption of the commodity produced by these producers is difficult to treat properly and tends to bring about environmental problems at the waste-disposal stage.
Next, let me show how disposal firms affect producers of consumption commodities. Environmentally friendly waste-disposal firms treat waste in a proper way and give no or little burden to the environment. They not only collect the information for completing proper disposal but also release it to producers, asking them to produce a more environmentally friendly commodity, which is disposed of without difficulty at the post-consumption stage. These strengthen the trend of DfE, encouraging producers to produce a more environmentally friendly commodity. It is worth pointing out that this may possibly contribute to the improvement of a production process. Environmentally unfriendly disposal firms ignore these and do not contribute to DfE.
Working in an interactive or collaborative way as mentioned above, environmentally friendly producers and disposal firms can contribute to constructing a reproducible economy where environmental burdens or environmental costs at the post-consumption stage are reduced as much as possible. This type of interaction or collaboration is seen between automobile manufacturers and disposal firms of end-of-life vehicles (ELVs). Indeed, ACEA (2011) emphasizes this aspect. 4 Commission European (2014) also shows the importance of such collaboration for enhancing the so-called resource efficiency. Enhancement of resource efficiency is supposed to contribute to prompting producers to adopt not only economically but also environmentally efficient production processes. However, it is worth emphasizing that such interaction or collaboration is possible only when a sort of institutional arrangement is made by the authority. From the above consideration, let me assume the following: As the activity level of an environmentally friendly production process increases, environmental burdens or environmental costs made by the disposal activity are reduced, since the proportion of unintentionally improper disposal of waste also decreases, possibly due to an increase in proper information of product contents and so on. It may also be considered that coefficients of an environmentally friendly disposal process decrease as the proportion of an environmentally friendly production process to that of an environmentally unfriendly production process increases, since more proper information on product contents and so on is released and supposed to contribute to improvement of an environmentally friendly disposal process.
On the other hand, as the activity level of an environmentally friendly disposal process increases, there is more feedback of information on the proper treatment of waste from an environmentally friendly disposal process to an environmentally friendly production process, so that there is an improvement of production in the process. Surely, more information on how one can properly dismantle and treat waste contributes to the enhancement of DfE. This also implies that coefficients of the production process improve, as the proportion of an environmentally friendly disposal process to an environmentally unfriendly disposal process increases.
Formal description of the model
Production and disposal processes
Having given a rough sketch of the model, let me formally express the technology of this economy as follows (see Tables 1, 2) :
In Table 1 , the first to the third rows describe normal production processes. The first row shows a process which produces a commodity for input use (the first commodity). The second and the third rows show processes which produce a commodity for consumption use (the second commodity), inputting the first commodity and labor. The difference between the processes is that the former process is an environmentally friendly one, giving less environmental burden than the latter process at the post-consumption stage, in the sense that waste created by consumption is smaller in the former process than in the latter process.
Since the amount of waste generated by consumption of a unit of the commodity produced by the second process is considered to be smaller than that by the third process, thanks to the nature of environmental friendliness as stated above, it is assumed that φ 2 (β) < φ 3 always holds for any β, where β denotes an index to express positive effects from an environmentally friendly disposal process to an environmentally friendly production process, whose formal definition will be given later. If the index increases, DfE is promoted, so that the amount of waste originated in the second process becomes smaller. I may put φ 3 = 1 without loss of generality, and assume that φ 2 (β) ∈ (0, 1).
The coefficients of inputs of the second process may also depend upon parameter β: There is a route of positive effects from an environmentally friendly disposal process to an environmentally friendly production process. For instance, as the share of the environmentally friendly disposal process increases and accordingly β increases, there is more positive feedback of the information to the environmentally friendly production process (the second process), say, on how to dismantle and treat ELPs properly. It is also possible that the level of collaboration between two actors increases. Then, the possibility for improvement of the production design becomes greater, since this information contributes to kaizen or improvement. In this way, environmentally friendly waste disposal affects an environmentally friendly production process in an advantageous manner.
Yet, it must be noted that an environmentally friendly production process is inferior to an environmentally unfriendly one insofar as the private cost structure is concerned, since the latter process is never concerned with the environmental burden caused by the waste of the commodity which it produced. Therefore, it is natural to suppose that input coefficients are larger in the second process than in the third process. Hence, I assume that (a 2 (β), l 2 (β)) > (a 3 , l 3 ) holds for any β in Table 1. 5 5 I adopt the following notation for vector inequalities. x ≡ (x 1 , . . . , x n ) ≤ y ≡ (y 1 , . . . , y n ) if x i ≤ y i for any i(= 1, . . . , n). x ≪ y if x i < y i for any i(= 1, . . . , n). x < y if x ≤ y and x � = y. 
The fourth and the fifth processes are disposal processes which treat waste created by consumption. Both processes can treat waste, whichever production process it originated from. Yet, there is a difference between the two processes as follows. The former process is an environmentally friendly disposal process, which does not cause any environmental burden insofar as it treats waste whose origin is in the consumption commodity produced by the second process (an environmentally friendly production process of a consumption commodity). Unintentionally improper disposal is, however, brought about by this process, when the waste comes from the consumption commodity which is produced by the environmentally unfriendly production process (the third production process). This is because proper treatment cannot be made without sufficient information on the production process, product contents and so on, which is released by the second process, but not by the third process.
The coefficients of inputs of the fourth process are assumed to depend upon parameter α, which denotes an index to express positive effects from an environmentally friendly production process to an environmentally friendly disposal process, whose formal definition will be given later. As the index increases, the coefficients are supposed to decrease. This is because the disposal activity of proper treatment will improve as circumstances become more favorable for the process.
On the other hand, the fifth process, which is an environmentally unfriendly disposal process, is not affected by the index α. Bluntly speaking, it is a disposal process which is utilized when improper disposal of waste is intended. Illegal dumping of waste is a typical example. Thus, it is independent of the index. It must be noted that some inputs are indispensable even for intentionally improper disposal: Labor and material inputs are required for transportation of waste, secret dumping, concealment of bad behavior and so on.
Although I assume that the input coefficients of this process are smaller than those of the former disposal process, that is, (a 5 , l 5 ) < (a 4 (α), l 4 (α)) for any α, the gaps may be narrow, particularly when policing efforts of the authority are relatively large. Furthermore, the input coefficients (a 5 , l 5 ) are supposed to be independent of parameter α , since positive effects to proper disposal of waste does not matter for the intentionally improper disposal activity.
Indices of positive effects between environmentally friendly production and disposal processes
Here, I would like to define indices of positive effects between environmentally friendly production and disposal processes and explain the environmental burdens given by disposal activities.
As I have already explained in Sect. 2.1, if an activity level of the second process is relatively larger than that of the third process, circumstances are more favorable for the fourth process, i.e., the environmentally friendly disposal process, thanks to positive external effects. Thus, it may be natural to consider that an index of positive effects from the second process to the fourth process depends upon the relative degree of two activity levels, so that α may be expressed as α ≡ α(x 2 , x 3 ), where x i denotes an activity level of the i-th process.
Particularly, it should be simpler and more convenient if α would be formulated in a more specific way as follows:
which is adopted in the following. 6 Next, let me define β, which expresses an index of positive effects from the fourth process to the second process. As also already explained, circumstances become more favorable for the second process as an activity level of the fourth process becomes relatively large compared to that of the fifth process. Thus, β is supposed to depend upon (x 4 , x 5 ), so that β ≡ β(x 4 , x 5 ) holds.
Particularly, it should be simpler and more convenient if β would be formulated in a more specific way as follows:
which is adopted in the following.
In the following, I often use the notations α and β instead of α(x 2 , x 3 ) and β(x 4 , x 5 ) for simplicity, if there is no room for misunderstanding. Now, let me give a formal definition to the environmental cost caused by environmental burdens made by disposal activities. This consists of two components: One is from unintentionally improper disposal of waste, while the other is from intentionally improper disposal of waste. Denoting activity levels of the two disposal processes as x i (i = 4, 5), the environmental costs made by the latter may be denoted as p s 2 θ 5 x 5 , where θ 5 is a constant parameter, which shows the environmental burdens per activity. Clearly, the environmental costs are expressed in terms of a consumption commodity.
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What about the environmental costs made by the former disposal activity? Considering that two types of waste are mixed uniformly, it is reasonable to assume that {x 2 φ 2 (β)/(x 2 φ 2 (β) + x 3 )}x 4 is the amount of waste which is originated by the environmentally friendly production process and treated by the environmentally friendly disposal process. This does not create any environmental burdens.
On the other hand,
4 is the amount of waste which is originated by the environmentally unfriendly production process and treated by the environmentally friendly disposal process. This creates environmental burdens, although it is brought about unintentionally. These costs are expressed as where θ 4 is a constant parameter, which shows the environmental burdens per amount of the waste treated. The costs are also valued in terms of a consumption commodity. Let me assume that θ 4 < θ 5 holds.
The functional form can be generalized if some characteristics such as homogenous of degree zero are satisfied. The same consideration is applicable to the form of β.
7 When I emphasize that α and β depend upon (x 2 , x 3 ) and (x 4 , x 5 ), respectively, I use the notation α(x) and β(x).
8 The environmental costs may be valued in terms of any commodity. Yet, it is convenient to express them by a consumption commodity, since it will be adopted as numeraire, namely p s 2 = 1 later.
That having been said, I can define the total environmental costs as follows:
where ψ(x) ≡ {x 2 φ 2 (β(x))/(x 2 φ 2 (β(x)) + x 3 )}. I assume that these environmental costs appear at the end of disposal activities.
Formal assumptions
In order to promote smooth development of the following analysis, let me enumerate the assumptions.
Let me briefly explain the assumptions: Assumption 1 means a feasibility condition of the whole economy. This is completely the same as the one which is adopted in a conventional linear production model.
The former part of Assumption 2 roughly means that productivity of an environmentally friendly production process increases as the proportion of an activity level of the fourth process to that of the fifth process increases, since positive effects from an environmentally friendly disposal process to an environmentally friendly production process increase. Also, the amount of waste per consumption of an environmentally friendly commodity decreases, since DfE is promoted by an increase in β: This is the latter part of Assumption 2.
Assumption 3 implies that productivity of an environmentally friendly production process is smaller than that of an environmentally unfriendly production process. Thus, the former production process is more costly than the latter for producing a unit of consumption commodity.
Assumption 4 roughly means that productivity of an environmentally friendly disposal process increases as the proportion of an activity level of the second process to that of the third process increases, since positive effects from an environmentally friendly production process to an environmentally friendly disposal process increase. This assumption coupled with Assumption 2 means that there are positive interactive effects between environmentally friendly production and disposal processes.
Assumption 5 is a comparison of productivity between environmentally friendly and unfriendly disposal processes. The former part mentions that if the index of positive effects defined by α is zero, productivity of the former disposal process in terms of both material and labor inputs is smaller than that of the latter, or in other words, costs of the former disposal process are larger than those of the latter. This is quite a natural assumption: Intentionally improper disposal is made because it is less costly than proper
treatment of waste, and this situation is quite likely when there is no environmentally friendly circumstance for proper treatment of waste. The latter part of Assumption 5 says that productivity of the former disposal process, in terms of material and labor input, is not greater than that of the latter process, but either material productivity or labor productivity is smaller in the former process. This is not an artificial assumption, either.
Quantity and price formations
In this subsection, I define quantity systems as well as price systems which must hold in the long run. I present a sustainable equilibrium, a market equilibrium and a socially optimal equilibrium in order.
Sustainable equilibrium
First, let me start from the formulation of a quantity system in a long-run competitive equilibrium as follows: and where g and x i (i = 1, . . . , 5) are a growth rate and an activity level of each process, respectively, and (p s 1 , p s 2 , p s 3 , w s ) is a vector of the production prices and the wage rate, which are formulated later in a dual system.
The first and second equalities of (1) show supply-demand balances for circulating capital and consumption commodities, while the third equality is a supply-demand balance for waste disposal. Incidentally, 0 < c ≤ x 2 + x 3 means non-triviality of a solution. It must be noted that two types of waste are discharged in a mixed form by households, since the difference is assumed to be unidentified by them. The last inequality is a labor constraint. Equality system (2) means that the value of supply equals that of demand for each commodity, disposal and labor.
Although inequality system (1) coupled with equality system (2) seems to allow free disposal, it does not actually. This is because c = x 2 + x 3 holds by definition, so that this (in)equality may be dropped.
Inequality system (1) and equality system (2) are expressed in matrix form as follows:
where A(g, α, β), L, x and p s are defined as
Now, let me refer to a dual system to (1):
and where r is a profit rate. In the following, I assume g = r for simplicity. It must be noted that a base of valuation, namely numeraire, must be chosen in order to determine relative prices. I adopt the consumption commodity as numeraire, setting p s 2 = 1. This implies that the environmental costs are valued in terms of this commodity.
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The above inequality and equality relationships, namely (4) and (5), are simply written in matrix form as follows:
The first inequality of (4) means a cost-price balance in a circulating capital commodity production process, while the second and the third mean cost-price balances in consumption commodity production processes. The difference between the former and the latter is that the waste-disposal costs are reflected in the left-hand sides of the second and the third inequalities as the terms φ 2 (β)p s 3 and p s 3 , although there is no such term in the left-hand side of the first inequality. Here, p s 3 is interpreted as the price of waste treatment service, and not that of bads or a dis-commodity, which is expressed as −p s 3 . The fourth and the fifth inequalities of (4) mean cost-price balances in waste-disposal processes. There are two terms which are not found in other inequalities: The first is the
In vector notation, x T denotes transposition of x.
(4)
10 Obviously, what is adopted as numeraire does not affect the price and quantity systems essentially, since only relative valuation matters.
term −p s 3 in the left-hand sides of the inequalities. This term reflects a negative cost or positive revenue for disposal activity services at the beginning of disposal activities. The second is the term which shows environmental costs, i.e., −θ 4 (1 − ψ) and −θ 5 , in the right-hand side of the inequalities. These costs are expressed in terms the consumption commodity. Thus, the environmental costs caused by the waste-disposal activities are internalized. It might be easier to understand the cost-price balances if terms are transposed, say in the case of the fourth inequality, as follows:
Notice that environmental costs appear at the end of waste-disposal activities and the revenue for waste-disposal services appears at the beginning of the activities.
The meaning of (5) is clear: Any process which produces deficits is not activated in a long run. Inequality system (4) coupled with equality system (5) shows a constellation of production prices for sustainability, since waste-disposal costs as well as environmental costs are fully taken into account. Under the assumption that g equals r, clearly A(g, α, β) coincides with A(r, α, β), so that the duality between (3) and (6) is clear. Yet, since α and β as well as ψ are dependent upon x, the duality is different from the one which is expressed by the conventional linear programming problems: The systems expressed by (3) and (6) are nonlinear.
Let me explain the significance of the dual system formulated by (1) with (2) and (4) with (5). First, in this system, the waste treatment costs are reflected in the production of the consumption commodity, from which waste is produced at the post-consumption stage. This is the result of the dual nature between the quantity and price inequalities. Second, environmental costs caused by the waste treatment are expressed in the price inequalities, so that the environmental costs are internalized. Third, the dual system expresses the reproducibility of an economy in a steady state as the conventional linear inequality models. Summing up, I may say that the dual system guarantees the reproducibility of an economy with environmental consideration. Thus, let me call the equilibrium defined by (1) with (2) and (4) with (5) a sustainable equilibrium.
Obviously, a sustainable equilibrium is different from a market equilibrium, which is defined in the next subsection. It is also different from an equilibrium obtained by maximization of the net social benefits, although it may coincide with a sustainable equilibrium on certain conditions, as shown later.
Market equilibrium
Let me formulate a market equilibrium in the long run and give a specific meaning to it in the present paper. To do so, I would like to mention the fact that waste is discharged by household consumption activity. Hence, presumably it is legitimate to consider that waste belongs to households, as might be understood in daily life. Then, it is households who have to pay for waste disposal, in whichever form they are charged-a disposal tax or a disposal charge. In the present paper, I assume the latter form: Household waste is transacted between households and disposal firms, so that the former has to pay a disposal charge to the latter. The charge is assumed to be determined in a competitive way.
(1 + r)a 4 (α)p
Even under this specification, the supply-demand balances in the long run are the same as those in a sustainable equilibrium. The cost-price relationship in a market equilibrium is, however, quite different from those expressed in (4) and (5). It is expressed as follows:
and In matrix form, the above expressions are written as follows:
where Ã (r, α, β) and ˜ are defined as respectively, and p m is defined as p m ≡ p m 1 , p m 3 , w m . Clearly in a market equilibrium, environmental costs are not reflected in the cost-price relationship of disposal processes. Without any constraint on environmental burdens, those environmental costs are never taken into account by waste-disposal firms. Waste treatment costs do not appear in the cost-price relationship of the production processes of a consumption commodity, either. This is because the waste is discharged by households and the treatment charges are on them. Summing up, although environmental costs are not internalized in a market transaction, waste treatment costs are internalized and paid by households instead of producers in a market equilibrium.
To determine relative prices and a wage rate in the above, a commodity or labor must be chosen as numeraire. Since the choice of numeraire does not matter for the relative price determination, I may adopt the consumption commodity as numeraire as before.
Let me make a remark on the payment for waste disposal. Since the waste-disposal charges are supposed to be paid by a household, must hold in a market equilibrium, since
(9) p mÃ (r, α, β) ≥� and p mÃ (r, α, β)x =�x,
holds. Equation (10) is nothing but a household budget constraint. On the other hand, the constraint in a sustainable equilibrium is since the waste-disposal charges are paid in advance by producers, not by households.
Another difference between (10) and (11) is that environmental costs are paid back to households in a sustainable equilibrium, whereas they are not to any actor in a market equilibrium. It is worth pointing out that the supply-demand balance of a market equilibrium is expressed by means of Ã (r, α, β). Indeed, it is where L is defined as As before, it is assumed that r = g and c = x 2 + x 3 hold. It is easy to understand that (9) and (12) make a duality.
Socially optimal equilibrium
Finally, in this section, I would like to define a socially optimal equilibrium, where the net social benefits are maximized. Notice that I have not referred to any maximization problem so far.
The net social benefits are defined as consumption which is expressed as x 2 + x 3 minus the environmental costs which are expressed θ 4 (1 − ψ)x 4 + θ 5 x 5 . Notice that environmental costs are expressed in terms of a consumption commodity. Hence, the net social benefits expressed as is also expressed in terms of a consumption commodity.
Then, a socially optimal solution can be obtained by solving
Main results
In this section, let me show the main results: Existence of equilibria and their characteristics. I would also like to compare three types of equilibria, namely a sustainable equilibrium, a market equilibrium and a socially optimal equilibrium.
Existence of equilibria
If there were no equilibrium solution, it should be nonsense to talk about the characteristics of solutions and relationships among equilibria. Thus, first, I show the fundamental existence propositions as follows:
Proposition 1 There is a solution to (3) and (6), and so a sustainable equilibrium exists.
Proof See "Appendix 1. "
Proposition 2 There is a solution to (9) and (12), and so a market equilibrium exists.
As for the socially optimal equilibrium, it is obvious that there exists an equilibrium solution. This is because constraint (13) is feasible and the maxim and is a continuous function of x.
Characteristics of equilibria
Next, let me consider characteristics of equilibria. First, consider a sustainable equilibrium. Since the second process is an environmentally friendly production process and the fourth process is an environmentally friendly disposal process, it might be thought that they should be activated instead of the third process and the fifth process, which are environmentally unfriendly and jointly bring about environmental burdens. This is not true in a general case. If the coefficient of environmental costs is very small, it may be reasonable to activate the fifth process, since it is less costly than the fourth process. Moreover, the third process may be activated when β is not so large, due to Assumption 3.
Yet, it is expected that the third and the fifth processes are not activated if environmental costs caused by improper treatment of waste are so large, whether it is intentional or not. Actually, this expectation is correct as follows:
Proposition 3 In a sustainable equilibrium, x * 3 and x * 5 go to zero as θ 4 and θ 5 go to infinity.
Proof See "Appendix 2. "
From the argument of continuity, it is known that x * 3 and x * 5 are sufficiently small if θ i (i = 4, 5) is sufficiently large. Thus, if environmental costs caused by improper treatment of waste are very large, the environmentally unfriendly production process and disposal process are not activated in a sustainable equilibrium.
It is natural to expect to obtain a different result from the above in a market equilibrium, where environmental costs are not reflected in the cost-price relationship. Actually, I can show the following result: Proof See "Appendix 2. "
The message of this proposition is clear: Without any constraint upon environmental burdens, both environmentally friendly production and disposal processes are knocked out, and only environmentally unfriendly production and disposal processes remain in an economy. Therefore, there are no positive interactive effects between production and disposal processes. This is a natural result which comes from the cost-minimizing principle and should be compared to that of Proposition 3. As I show later, extended producer responsibility realizes the sustainable equilibrium, so that it internalizes the external diseconomy partly. Furthermore, under certain conditions, it internalizes the external diseconomy completely, realizing the social optimum.
It must be noted that Proposition 3 requires the condition that θ i (i = 4, 5) goes to infinity or is sufficiently large. Let me consider the opposite case, i.e., the case in which θ i (i = 4, 5) is very small. The extreme case is when θ i (i = 4, 5) is zero. I can show the following:
Proposition 5 Suppose θ i (i = 4, 5) is sufficiently small, so that it is close to zero. Then, x * 4 = 0 and x * 5 > 0 in a sustainable equilibrium. Furthermore, (1) if l 1 is sufficiently small and the rate of profit is close to its maximum (=1/a 1 − 1) or (2) if both |a 2 (0) − a 3 | and |l 2 (0) − l 3 | are sufficiently small, then, x * 2 > 0 and x * 3 = 0, and thus, α * = 1 in a sustainable equilibrium.
Hence, an environmentally friendly production process may remain in an economy and an environmentally unfriendly production process may be knocked out even if environmental costs are sufficiently small in a sustainable equilibrium. Yet, in the same circumstances, an environmentally friendly disposal process disappears whereas an environmentally unfriendly disposal process is activated. The effect of the magnitude of environmental costs is asymmetrical between production and disposal processes.
Comparison of equilibria
In this subsection, I would like to compare equilibria in terms of net social benefits. First, let me compare the net social benefits in a sustainable equilibrium and those in a market equilibrium. Although the following proposition may seem obvious, it is not. In a sustainable equilibrium, external costs are internalized, but not in the optimal way. Thus, it must be proved rigorously anyhow:
Proposition 6
The net welfare in a sustainable equilibrium is not smaller than that in a market equilibrium.
Proof From Proposition 4, we know α m * = β m * = 0. Thus, we have from Assumption 2. Furthermore, from Assumption 4, we know that the following holds:
Therefore, the following holds:
which means since x m * is feasible for the problem max �(ψ(x * ))x s.t. A g, α * , β * ≤ L, thanks to (14), and since holds.
It is interesting to see that I have not utilized Assumptions 2 and 4 which express positive interactive effects between the second and fourth processes to prove the above proposition. Even without these effects, the net social benefits in a sustainable equilibrium are not smaller than those in a market equilibrium, due to the nature of a sustainable equilibrium.
It is clear that the net social benefits in a sustainable equilibrium are not larger than those in a socially optimal equilibrium by definition, so that we have where ψ(x * * ) corresponds to the socially optimal solution.
Then, a natural question would be this: In what condition are the net social benefits in a sustainable equilibrium larger than those in a market equilibrium and hopefully equal to those in a socially optimal equilibrium? I can answer this question as follows:
Proposition 7
If externality represented by coefficient θ 5 is sufficiently large, then the net social benefits in a sustainable equilibrium are larger than those in a market equilibrium.
Proof By the nature of duality, the net social benefits in a sustainable equilibrium cannot be negative, so that �(ψ(x * ))x * ≥ 0 holds.
11 On the other hand, due to Proposition
4, we have
Notice that x m * does not depend upon θ 5 , and x m * 5 is calculated as Thus, �(ψ(x m * )) becomes negative as θ 5 becomes sufficiently large. Hence, �(ψ(x * ))x * > �(ψ(x m * )) for sufficiently large θ 5 .
Next, let me consider the case in which θ 5 is sufficiently small, or the case in which environmental costs caused by waste disposal are negligible. I can show the following proposition, which corresponds to Proposition 5:
11 Actually, this is positive, as shown in the proof of Proposition 1.
Proposition 8 Suppose both l 1 and θ 5 are sufficiently small, and the rate of profit is close
Proof See "Appendix 3. "
What does the above proposition mean? It must be noted that means that more inputs are required for waste treatment if the third process, instead of the second process, is activated for production of a consumption commodity. 12 Since l 1 is assumed to be very small, the wage rate is not so small even if the rate of profit is close to its maximum. Considering these together, activation of the third process instead of the second one is too costly when the waste treatment costs are taken into account. Therefore, the net social benefits in a sustainable equilibrium are larger than those in a market equilibrium. Finally, I would like to demonstrate the condition in which a sustainable equilibrium coincides with a socially optimal equilibrium for given environmental burdens θ i (i = 4, 5). Namely, we have Proposition 9 A sustainable equilibrium coincides with a socially optimal equilibrium, (i) if both θ 4 and θ 5 are sufficiently large or (ii) if |a j − a i (0)| < ε and |l j − l i (0)| < ε holds for sufficiently small ε, where (i, j) = (2, 3) and (4, 5), respectively.
Proof See "Appendix 4. "
Discussion
Here, I would like to consider the significance of a sustainable equilibrium in the context of producer's responsibility for waste generation. Notice that waste treatment charges are included in production costs in this equilibrium. Of course, the waste treatment charges are reflected in the price of the consumption commodity. Thus, although households do not have to pay for waste treatment directly, they pay indirectly, since those costs are reflected in the production price. In other words, households are supposed pay for waste treatment of an ELP (end-of-life product) in advance when they buy the relevant commodity or product.
This way of payment for waste treatment is interpreted as an application of extended producer responsibility (EPR), which was proposed by OECD. Precisely speaking, it is financial EPR, since producers have to take waste treatment costs into account in their production, accepting the financial burden for waste treatment, although they are not responsible for waste treatment activities.
Considering the above, it is clear that a sustainable equilibrium has a special meaning as an application of EPR in the field of an environmental policy. Since the concept of a sustainable equilibrium is very close to that of the natural price or production price system, it may be said that the classical concept of prices has very important meaning in an environmental policy.
The importance of the classical concept of a price system is quite naturally understood, since the concept is based upon reproducibility of an economic system. If the concept is extended so that environmental restrictions are taken into account, it may be interpreted as sustainability of an economic system. This tells us that the classical concept of a price system is still applicable to a quite modern environmental problem.
Concluding remarks
In this paper, interactive aspects between environmentally friendly producers and disposal firms are emphasized and analyzed. Although this interaction does not appear in a market equilibrium in which waste treatment charges are on households while environmental costs are not internalized in the production, it does appear in a specific type of equilibrium which is defined as a sustainable equilibrium in this paper.
A sustainable equilibrium is defined based upon the idea of a classical type of production price or natural price system. A difference between a sustainable equilibrium and a classical equilibrium is that environmental factors are explicitly taken into account in the former equilibrium.
I have also demonstrated that the net social benefits of a sustainable equilibrium are between those of a market equilibrium and a socially optimal equilibrium. In special cases, the net social benefits in a sustainable equilibrium are larger than those in a market equilibrium. Moreover, a sustainable equilibrium coincides with a socially optimal equilibrium, when external diseconomy caused by waste treatment services is sufficiently large, or when the relative cost structures in physical terms are not different between environmentally friendly and unfriendly production processes and between environmentally friendly and unfriendly waste treatment processes.
To demonstrate these results, I have utilized Assumptions 2 and 4, which express positive interactive effects between environmentally friendly producers and disposal firms. These effects are created by their collaboration or cooperation whether it may be systematically organized or not. I may say that the present model captures the new trend of collaboration or cooperation between producers and disposal firms which has recently appeared, say in ELV recycling, and shows how it is strengthened in a sustainable equilibrium.
The concept of a sustainable equilibrium, which is akin to the classical concept of natural prices or production prices, can be interpreted as an application of EPR. In this sense, the classical concept of natural prices or production prices has wide applicability to environmental problems. I believe that it is my contribution to the modern classical economics that I demonstrate this result.
Appendix 1
Proof of Proposition 1 First, I prove that (3) and (6) have a non-trivial solution for
T instead of L, where q is a positive number. Next, I show that there is a non-trivial solution for q = 0.
Part 1.
Step 1. Let me define a set X as which is compact and convex. Let me also define functions α ǫ (x), β ǫ (x) and ψ ǫ (x) as where ǫ is a sufficiently small positive constant. Thus, α ǫ (x), β ǫ (x) and ψ ǫ (x) are well defined for any x ∈ X. Choose x ′ ∈ X, and assign it to α ǫ (x), β ǫ (x) and ψ ǫ (x), which are denoted as
) and �(ψ ǫ ). Then, we can consider the following linear programming problems:
We can find (ε, 0, 0, 0, 0) T such that ε is positive and sufficiently small, and is satisfied. This means that (O ′ ) is feasible.
Next, choose sufficiently large positive δ, which means (D ′ ) is feasible. The above argument shows that both (O ′ ) and (D ′ ) are feasible, so that both problems have solutions for pre-assigned x ′ (Gale 1960, p. 78) .
Step 2. Denoting the solution set of x as X * ǫ (x ′ ), we know that there is a correspondence such that Since (O ′ ) is linear for given x ′ , any convex combination of solutions is a solution to (O ′ ) , so that X * ǫ (x ′ ) is convex. Moreover, it is bounded, since X * ǫ (x ′ ) ⊂ X. Clearly, it is closed, so that X * ǫ (x ′ ) is compact. Now, I show that is upper-hemi-continuous. Consider a sequence x ′ ν such that x ′ ν ∈ X and x ′ ν → x ′ 0 . Then, we can choose a sequence x * ν such that x * ν ∈ X * ǫ (x ′ ν ) and x * ν → x * 0 as ν → ∞. By construction, x * 0 is a solution to (O ′ ) for x ′ 0 , and so
Otherwise, in the neighborhood of 
, and ψ * ǫ ≡ ψ(x * ǫ ). Clearly, the dual system (D ′ ) has a solution, corresponding to x * ǫ : ∃p * ǫ > 0 such that Now, let us get ǫ → 0. Since x * ǫ is in a compact set X, the sequence has an accumulation point x * * ∈ X, which must be a solution to (3). A price vector p * * which corresponds to x * * must also be a solution to (6).
Step 3. Let me show non-triviality of an equilibrium solution. For any given
Choose x which satisfies x 3 = x 4 = x 5 = 0 and 0 < x 2 ≤ 1 − (1 + g)a 1 x 1 /(1 + g)a 2 (β) as well as x 2 ≤ q/φ 2 (β) and l 1 x 1 + l 2 (β)x 2 + l 3 x 3 + l 4 (α)x 4 + l 5 x 5 ≤ l. Thus, the above problem is feasible, and �(ψ)x > 0. Consequently, the maximum value of the above problem is positive and a continuous function of (α, β, ψ). Clearly, it has a positive lower bound. This implies that �(ψ ǫ ) never converges to zero as ǫ → 0. Hence, x * 2 + x * 3 > 0. Part 2. Now, let me show that (3) and (6) have a solution when q equals zero. From the above argument, we know that x * 2 + x * 3 > 0 holds for any positive q. Suppose that q converges to zero, and that x * has an accumulation point such that x 2 + x 3 = 0. Then, x * 2 + x * 3 must be sufficiently small for sufficiently small q. Case 1. φ 2 (β)x * 2 + x * 3 < (1 + g)(x * 4 + x * 5 ) + q. Then, p 3 = 0 holds. Thus, hold. Therefore, at least one of p s 1 and w s is positive.
1. Suppose p s 1 > 0 and w s > 0. From Assumption 3, holds, so that x * 2 = 0, and so ψ(x * ) = 0 hold. Since �(x * ) ≡ x * 3 − θ 4 x * 4 − θ 5 x * 5 must be positive, we know that x * 4 and x * 5 must be sufficiently small. Notice that holds, since w s > 0 holds by hypothesis. Thus, x * 1 is relatively large compared to x i (i = 2, . . . , 5), and x * 1 ∼ = l/l 1 . But this means from which we have p s 1 = 0. A contradiction. 2. Suppose w s > 0 and p s 1 = 0. Since
holds, so that we have x * 1 = 0. A contradiction. 3. Suppose w s = 0 and p * 1 > 0. We have
2 + x * 3 is sufficiently small, x * 4 + x * 5 is also sufficiently small.
Suppose
holds. Then, w s = 0, and so p s 1 = 0hold. From the second and third inequalities of (4), we have which implies that x * 3 = 0 and x * 2 > 0.From the fourth and fifth inequalities of (4), holds. Hence, we have x * 4 > 0 and x * 5 = 0, so that we know β(x * ) = 1. Therefore, we have ψ(x * ) = 1. On the other hand, from the above inequality and ψ(x * ) = 1, we have −(1 + r)p s 3 ≥ 0, which implies p s 3 ≤ 0. A contradiction. 2. Suppose holds. Then, x * 1 ∼ = l/l 1 , and x i (i = 2, . . . , 5) is sufficiently small. Thus, holds, so that p s 1 = 0 holds. Therefore, w s = 0 holds: Otherwise, and so x * 1 = 0 hold. A contradiction. Hence, we have w s = 0. Now, we can apply the same argument as in Case 2 (ii) above to the present case. (9) and (12) First, let me show that w m is bounded. Suppose that w m is sufficiently large. Then, from the first inequality of (7) and the first equality of (8) which implies that x * T , p * m is a solution. Non-triviality of an equilibrium solution is obvious.
Proof of Proposition 2 Notice that
Appendix 2
Proof of Proposition 3 Suppose there are positive lower bounds for x * 3 and x * 5 as θ i → ∞ (i = 4, 5). Denote them as x 3 and x 5 , respectively.
Consider a sequence {θ ν } ≡ {(θ 4ν , θ 5ν )} such that θ iν → ∞ as ν → ∞. Since X is a compact set, we can choose a sequence x * ν which is a solution corresponding to θ ν such that x * 3ν →x 3 and x * 5ν →x 5 . Then, we have where 1 − ψ * ν ≡ x * 2ν / φ 2 (β * ν )x * 2ν + x * 3ν and ψ * ν →ψ < 1, since x * 3 is assumed to be positive.
This, however, contradicts that the above is the maximized value, which cannot be negative.
Proof of Proposition 4
From the second inequality of (7) Then, from the second and third inequalities of (7), we have due to Assumption 3, so that x m * 2 = 0. Applying the same argument to the fourth and fifth inequalities of (7), we have x m * 4 = 0.
Proof of Proposition 5
Look at the right-hand side of the fourth and fifth inequalities of (4). Since θ i is assumed to be sufficiently small, we know that x * 4 = 0 and x * 5 > 0, so that β * = 0, due to Assumption 5.
Since the first inequality must hold with strict equality, we have must hold for i = 1, . . . , 5.
Thus, we have
Hence, if |a 2 (β) − a 3 | < ǫ 1 and |l 2 (β) − l 3 | < ǫ 1 for sufficiently small ǫ 1 and for all (α, β) ∈ [0, 1] × [0, 1], then L 2 > L 3 holds, which implies x 2 > 0, x 3 = 0 and ψ = 1. Thus, the first and third terms of L 4 − L 5 equal zero. Consequently, if |a 4 (α) − a 5 | < ǫ 2 and |l 4 (α) − l 5 | < ǫ 2 for sufficiently small ǫ 2 and for all (α, β) ∈ [0, 1] × [0, 1], then L 4 > L 5 holds. The same argument follows when θ i (i = 1, 2) is sufficiently large. Therefore, we have the following result:
Lemma 2 (i) If θ i (i = 4, 5) is sufficiently large or (ii) if |a j − a i (0)| < ǫ and |l j − l i (0)| < ǫ holds for sufficiently small ǫ, where (i, j) = (2, 3) and (4, 5), respectively, then x * * 3 = 0 and x * * 5 = 0.
From Lemmas 1 and 2, Proposition 9 follows.
L 1 = 1 1 − (1 + g)a 1 − 3 l 1 ≤ 0 L 2 = 1 + φ 2 (β)θ 4 x 3 x 4 {φ 2 (β)x 2 + x 3 } 2 − 1 (1 + g) a 2 (β) + a ′ 4 (α)x 3 x 4 (x 2 + x 3 ) 2 − 2 φ 2 (β) − 3 l 2 (β) + l ′ 4 (α)x 3 x 4 (x 2 + x 3 ) 2 ≤ 0 L 3 = 1 − φ 2 (β)θ 4 x 2 x 4 {φ 2 (β)x 2 + x 3 } 2 − 1 (1 + g) a 3 − a ′ 4 (α)x 2 x 4 (x 2 + x 3 ) 2 − 2 − 3 l 3 − l ′ 4 (α)x 2 x 4 (x 2 + x 3 ) 2 ≤ 0 L 4 = −θ 4 (1 − ψ) − φ ′ 2 (β)θ 4 x 2 x 3 x 4 {φ 2 (β)x 2 + x 3 } 2 x 5 (x 4 + x 5 ) 2 − 1 (1 + g) a ′ 2 (β)x 2 x 5 (x 4 + x 5 ) 2 + a 4 (α)
l ′ 2 (β)x 2 x 5 (x 4 + x 5 ) 2 + l 4 (α) ≤ 0
{φ 2 (β)x 2 + x 3 } 2 (x 4 + x 5 ) 2 − 1 (1 + g) − a ′ 2 (β)x 2 x 4 (x 4 + x 5 ) 2 + a 5
L 4 − L 5 = −θ 4 (1 − ψ) + θ 5 + φ ′ 2 (β)θ 4 x 2 x 3 {φ 2 (β)x 2 + x 3 } 2 (x 4 + x 5 ) − 1 (1 + g) a ′ 2 (β)x 2 x 4 + x 5 + {a 4 (α) − a 5 } − 2 φ ′ 2 (β)x 2 x 4 + x 5 − 3 l ′ 2 (β)x 2 x 4 + x 5 + l 4 (α) − l 5 .
